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Let X and Y be separable metric spaces and let I? X + CL(Y) be a multifunction 
with a closed graph. A selection f: X -+ Y for r is called dense if the closure of the 
graph off is the graph of r. The main result of this paper characterizes those 
multifunctions admitting dense selections when X is complete and Y is sigma 
compact and complete. Moreover, the selection can always be chosen to be of Baire 
class two. In a much less restrictive setting, lower semicontinuous multifunctions 
admitting dense selections are those that map isolated points to singletons, an 
obvious necessary condition. 
1. INTRODUCTION 
Let (X, d) and (Y, p) be separable metric spaces and let S be a closed 
relation in XX Y, i.e., a closed subset of XX Y. When does there exist a 
function f: X+ Y such that the closure of the graph off is S? If such an f 
exists, can we find a “well-behaved” f? It is the purpose of this article to 
address these questions. A key to their resolution is the important selection 
theorem for multifunctions of Kuratowski and Ryll-Nardzewski [ 41. 
Let CL(Y) denote the set of nonempty closed subsets of Y. A 
multifunction from X to Y is a function E X+ CL(Y). The multifunction is 
called closed if its graph {(x, v): x E X and y E T(x)} is a closed subset of 
X x Y. We shall denote the graph of a closed multifunction by E Obviously, 
there is a one-to-one correspondence between closed relations S on XX Y 
with domain X and closed multifunctions fi X+ CL(Y) given by S + r,, 
where, for each x in X, T,(x) = (y: (x, y) E S}. Thus our initial questions 
are questions about closed multifunctions. A selection for r is a function 
f: X+ Y such that for each x E X, f(x) E T(x). The study of continuous 
selections begins with the papers of Michael (see, e.g., 171) and is an active 
area of research in general topology. A survey of the literature on 
measurable selections has been compiled by Wagner in [ 14) and ] 15 1. We of 
course are interested in selections for r whose graph is dense in r, and we 
make the following definition. 
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DEFINITION. A selection f for a closed multifunction r is called dense if 
the closure of the graph off equals the graph of r. 
If f: X + Y and the inverse image of each open set in Y is an Fi (resp. 
G,,) set in X, we say that f is of Baire class one (resp. two). This 
terminology is not universally acknowledged, for the functions of Baire class 
one (resp. two) are often defined to be the class of functions each member of 
which is a pointwise limit of a sequence of continuous (resp. Baire class one) 
functions. The latter class may be a proper subset of the former, although 
they agree when Y = R. 
We adopt the following terminology and notation: 
I. If E is a subset of a metric space X, then cl E, int E, and f? will 
represent the closure, interior, and complement of E relative to X. The set E 
is called nowhere dense if cl E has empty interior. The set E is said to be of 
firsf cafegor)’ if it is the countable union of nowhere dense sets. 
3 L. If E c X and g: E + Y (resp. ,4 : E + CL(Y)) we denote the closure of 
the graph of g (resp. A) in XX Y by g (resp. 2). 
3. If r: X-, CL(Y) and x E X we call the set T*(x) = ((x, J)): .V E T(x)/ a 
stalk of the multifunction. A stalk will be called a good stalk if it contains no 
isolated point of r; otherwise, it is called a bad stalk. 
4. A topological space X is called Polish if it is the homeomorphic image 
of a complete separable metric space. It is called a Baire space if the inter- 
section of each countable family of dense open subsets of X is dense. 
5 -. A multifunction r: X--f CL(Y) is called upper semicontinuous if for 
each closed subset F of Y the set (x: I‘(x) n F # 0) is a closed subset of X. 
r is called lower semicontinuous (resp. weakly Bore1 measurable) if for each 
open subset G of Y the set (s: T(x) n G # 0) is an open (resp. Borel) subset 
of X. 
We shall frequently call on standard results and terminology concerning 
the topology and Bore1 structure of complete separable metric spaces. In 
addition to the standard references [ 3 1 and [ 11 1. we also recommend the 
modern treatment of Moschovakis 18 I. The survey article by Smithson I12 1 
will suffice for our discussion of semicontinuous multifunctions. and we refer 
the reader to Himmelberg 111 for an introduction to measurable 
multifunctions. We single out the following facts as lemmas. Each is proved 
in 13 1 in considerably greater generality. X and Y are understood to be 
separable metric. 
LEMMA A. The class of G,, sets in X includes the F,, and G, sets and is 
closed under countable unions and finite intersections. 
LEMMA B. Suppose X = Uz-, E, and f: X+ Y. If .for each n E,, is an 
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F, (resp. G,,) set and f IE, is of Baire class one (resp. two), then f is of 
Baire class one (resp. two). 
LEMMA C. If f: X + Y is of Baire class one (resp. two) and E c X, then 
jjE is of Baire class one (resp. two). 
LEMMA D. If f: X--t Y is of Baire class one, then the set of points of 
discontinuity off forms a set offlrst category. 
We note here that if X is countable then each f: X -+ Y is of Baire class 
one. This is true because the inverse image of any set is an F, set. 
In this article we will be interested in weakly Bore1 measurable 
multifunctions r for which {x: T(x) f? G # 0) is a G,, set. We now state the 
selection theorem of Kuratowski and Ryll-Nardzewski which we refer to as 
the KRN selection theorem in the sequel. A proof can also be found in [lo]. 
The KRN Selection Theorem 
Let X be a metric space and let Y be a separable complete metric space. 
Let 6! be an algebra of subsets of X and let 91, denote the set of all coun- 
table unions of elements of Q. Let r be a multifunction from X to Y such 
that for each open set G in Y, {x: T(x) f? G # 0) E asl,. Then there exists a 
selection f for r such that for each open set G in Y, f -l(G) E Q,. 
We shall apply the KRN selection theorem when @, is either the F, 
subsets of the G,, subsets of X. 
2. RESULTS 
Let f: X + Y be arbitrary. We first see what properties the multifunction Tr 
induced by the closure of the graph off must have. By the sequential charac- 
terization of the closure of a set in a metric space, at each x in X, 
q4=~~:(x~~)~f~ 
= {y: 3(x,)+ x for which (f(x,)) -+ y}, 
where (x,) is allowed to be the trivial sequence x, = x, x2 =x,... . 
LEMMA 1. Let X and Y be metric spaces and let f: X -+ Y be arbitrary. 
(1) For each x in X, Tf(x) is a nonempty closed set. 
(2) For each x E X, r,*(x) has at most one point that is not a limit 
point off - rr* (xl. 
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(3) For each x E X and for each y E TJx), (x, y) is not a limit point 
off - r,*(x) if and only if (x, y) is an isolated point off: 
Proof. (1) Clearly ff(x) is closed, and it contains at least the point f(x). 
(2) Suppose (x, y) E T,?(x) is not a limit point off - T?(x). Then the only 
sequence ((x”, f(xn))) that can converge to (x, J*) is the constant one 
((x,f(x))). Hence y =f(x). (3) One direction is trivial. Conversely, suppose 
(x, y) is not a limit point of f-r,*(x) yet (x, y) is a limit point of j! 
Set Ez((x,q):qET,(x) and qfy}. Then (x,y)EclE, but by (2) 
E c cl(f - r,*(x)). Hence (x, y) E cl(f - T:(x)), a contradiction. 
If we replace f, by a multifunction r with a closed graph in conditions (2) 
and (3) above, we then have necessary conditions for f to admit a dense 
selection. If X and Y are sufficiently nice, we shall show these conditions to 
be sufficient for f to admit a dense selection of at worst Baire class two. The 
following lemma is crucial in our argument. 
LEMMA 2. Let X and Y be complete separable metric spaces. Let 
r: X + CL(Y) be closed. Suppose for each x in X and q in f(x) the point 
(x, q) is not a limit point off- T*(x) if and only if (x, q) is an isolated point 
of r. Let (z, y) be a limit point of r- r*(z). Then for each neighborhood U 
of z and each neighborhood V of y either U x V contains an isolated point of 
r or it meets a good stalk f*(x) for some x i z. 
Proof. Since X X Y is separable, T is Lindelof and thus has at most 
countably many isolated points. Hence there are at most countably many 
bad stalks. Let W be a neighborhood of z such that cl W c U. Since (z, )I) is 
a limit point of r--r*(z), infinitely many stalks meet W X V. Suppose 
W x V contains no isolated points of i? Define K c X by 
K= (x:r*(x)n(Wx V)#G?}. 
If K were uncountable, then for some x # z in K the stalk T*(x) would be 
good and we are done. Thus we assume K is countable and attempt to reach 
a contradiction. Since W X V contains no isolated points of r, each point of 
K is a limit point of K so that K is infinite. Suppose K = (k,. kZ. k,....}. 
Choose p, in K different from k, and F, satisfying 
0 < E, < min{d(p,, k,), d(p,, 6 4 I. 
Set C,=(x:xEK and d(x,p,)<E,}. Then p,EC,cclC,c W and 
k, 6? cl C,. Choose a closed ball B, of radius at most f contained in V for 
which int B, n T(p,) # 0. Again each point of the set 
K, = (x: x E C, and T(x) n int B, f 0\ 
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is a limit point of K,. Choose p2 in K, different from k, and E, satisfying 
0 cc, < min{d(p,,k,),c, -4p,, PJ, $1 
and set C, = {x:x E K and d(x, pJ < s2}. Clearly pz E C, c C, and 
k, @ cl C, . Next choose a closed ball B, of radius at most i contained in B, 
such that int B, n T(p,) # 0. Again each point of 
K, = {x: x E C, and T(x) n int B, # la} 
is a limit point of K,, so we can choose p3 in K, different from k, and sj 
satisfying 
&3 < min{d(p,, k3), e2 - 4p3, p2), d 1. 
Set C, = {x:x E K and d(x, p3) ( Ed}. Continuing, we can produce a 
sequence of nonempty sets C,, C,, C,,... in W and a sequence of closed balls 
B,, B,, B,,... in V such that for each j E Z+, 
Cl) cj+, c Cj and Bj, I c Bj, 
(2) the diameter of both Cj and B, is at most 2-j+‘, 
(3) there exists pj in Cj such that r(pj) n Bl # 0, 
(4) kj ~ CI Cj. 
Next, for each j E Zt set Aj = cl Cj. Since X is a complete metric space, 
conditions (1) and (2) above imply that there is a unique point p in nJE I Ai. 
Moreover, by (4) p is not in K. Since Y is complete (2) also implies that 
there is a unique point q in nJEI Bj. By (2) and (3) each neighborhood of 
(p, q) meets ?-, and since r is a closed set we have q E T(p). Since 
A 1 = cl C, c W, we have p E K, a contradiction. 1 
We are now ready for the main theorem. 
THEOREM 1. Let X be a complete separable metric space and let Y be a 
sigma compact complete separable metric space. If E X--f CL(Y) is closed, 
then the following are equivalent. 
(a) r admits a dense selection of Baire class two. 
(b) I’ admits a dense selection. 
(c) r has the following properties: 
(cl) For each x E X, T*(x) includes at most one isolated point of T; 
(~2) For each x E X and each y E T(x), the point (x, y) is not a 
limit point of r - r*(x) if and only if (x, y) ii an isolated point of E 
Proof: (a) + (b) is trivial and (b) + (c) is established by Lemma 1. To 
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prove (c) + (a) let ( Ui : i E Zt } and ( Vi: j E Z+ ) be bases for the topologies 
on X and Y, respectively. Define subsets E and F of X as follows: 
E = (x: T*(x) contains a limit point of r- f*(u)}, 
F = (x: T*(x) is a bad stalk}. 
Notice that condition (~2) implies that E xl? We will define a new 
multifunction on E. For each x in F condition (cl) ensures that there is a 
unique y, in Y such that (x, .v.,) is an isolated point of c Define 
A: E+ CL(Y) by 
n (xl = W) - i .I’, 1 if x E E n F. 
= T(x) if sEP. 
By passing to a subcollection we can assume each member of 
( Ui x vi: i E Z +, j E Z’ ) meets the graph of A. By reindexing we can 
represent these product neighborhoods by N, , N,, N, . . . . . By Lemma 2 and 
condition (cl) each Ni contains infinitely many points with distinct first 
coordinates such that each point is either an isolated point of For a point on 
a good stalk of r. Hence for each i E Zt we can choose a point (xi. J,) in 
Ni such that 
(i) for each i, (xi, yi) E r, 
(ii) xi # xi for if j, 
(iii) (xi, vi) either lies on a good stalk or is an isolated point of E 
Now let M = (xi: i E Zt } and define f, : A4 + Y by f,(.yi) = J’;. Clearly 
/i c.f’, c r, where the closures are taken in X X Y. Since M is countable, J‘, 
is of Baire class one on M. Next define fi : F -+ Y by f,(x) = ~9~~ so that the 
graph of fi contains the remaining points of r not already picked up by the 
closure of the graph off, . Clearly f, U fi = r, and again the function is of 
Baire class one by the countability of the domain. 
We next show that f has a Baire class one selection. By the hypotheses of 
the theorem we can write Y as a countable union of compact sets: 
Y= UT-, Yi. For each iEZ+ set Xi = (x: I’(.u)fT Yj # 0}. Since Z-, is 
compact and T is a closed set, each set Xi is closed. For each i E Z * define 
Oi : Xi --f Y by O,(x) = T(x) f? Yi. It is easy to check that Oi is actually U.S.C. 
Now each open set G in Y is an F, set; so, it follows that 
(x: O,(.V) f? G # 0) is also an F, set. Since we can regard Oi as having 
codomain Yi, the KRN Selection theorem applies: there exists for each i a 
Baire class one selection hi for O,.. Next, for each i let Ci be the F, set 
Xi - (Ujci X,), and define h:X-+ Y to be c?l hixc.,. Clearly, h is a 
selection for r, and by Lemmas B and C it must also be of Baire class one. 
422 GERALD BEER 
Denote the restriction of h to the set E nn?fl F’ by f,. By Lemma C the 
restriction is of Baire class one. Notice that E nfinF is a G, set because 
its complement is countable. Finally, define f: X-+ Y by 
f(x) = fl (xl if xEM, 
= f*(x) if xEF, 
= fXx> if xEEnlZ?fII? 
Since f, = f, on Mn F, f is well defined. By Lemmas A and B f is of Baire 
class two. and since 
(i) f=f, UJ;UJ; cFcf, Us2 cJ; 
(ii) for each x, f(x) E T(x), 
the function is a dense selection for r. I 
Several remarks are in order. First, it is clear that the characterization still 
applies if X is a Polish space and Y is a sigma compact Polish space. 
Second, in the special case Y = R Lemma 1 and Theorem 1 combined say 
that for each f: X-t R there exists a function g: X-t R of Baire class two 
such that r= g. When X= R we thus have an analogue for a fundamental 
result of measure theory [ 61: if f: R -+ R is Lebesgue measurable, then there 
exists g: R + R of Baire class two such that f = g a.e. In both cases 
equivalence classes may admit more than one representative. 
Each partial function f, , fi, and f, in the proof of Theorem 1 was of Baire 
class one. Can our dense selection f be chosen to be of Baire class one? The 
next result settles the issue. 
THEOREM 2. Let X be a complete separable metric space, and let Y be a 
metric space with at least three points. The following are equivalent: 
(1) For each f: X+ Y there exists g: X+ Y of Baire class one such 
that f = 2. 
(2) X is countable. 
Prooj The implication (2) + (1) is trivial. For the converse assume (2) 
fails. By the Cantor-Bendixson theorem X = P U S, where P is a nonempty 
perfect set and S is a countable set. Let { Ui : i E Zt } be those sets in a 
particular base for the topology on X that meet P. Since P is a perfect set, we 
can pick distinct points p,, p2, p3, p4,... in P such that for each i, 
{~~~-~,p~~}cU~. Choose {y,,y,,y,}cYanddetinef:X+Yby 
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f(x) = Yl if x = pzi for some i, 
- Yz if x & P, 
= Yj otherwise. 
Suppose g = r If x E P then by the construction {J, , y3/ c T,(x) = T,(x). 
Now there exist sequences ((x,, g(x,))) and ((zn, g(t”)) in X X ( .I’, , J’?, J’~) 
convergent to (x, y,) and (x, Jo), respectively. Since P is open it is clear that 
g(z) = ~1~ for each z E p. Thus both sequences must be in P x (J-, . ~3~ 1
eventually, and it follows that g 1 P is discontinuous at each point of P. Now 
since X is a complete metric space, so is P. Thus P is a Baire space; so P is 
not of first category in itself. By Lemma D, g 1 P is not of Baire class one. 
and the result follows from Lemma C. 
THEOREM 3. Let X be a countable complete metric space, and let Y be a 
separable metric space. Let E X-t CL(Y) be closed. Then r admits a Baire 
class one dense selection if and only if it satisfies conditions (c 1) and (~2) of 
Theorem 1. 
Proof. Referring to the proof of Lemma 2, we see that if (z, y) is a limit 
point of T- T*(z) and U x V is a product neighborhood of (z, .r), then 
U x V actually contains an isolated point of r, for otherwise the closure of 
the set K in the proof would be perfect and thus uncountable. Also the KRN 
selection theorem is not needed in the proof of Theorem 1 because each 
selection for a multifunction defined on a countable set is of Baire class one 
automatically. 1 
3. THREE COUNTEREXAMPLES 
It is easy to see that the completeness of the space X is not a superfluous 
hypothesis in the statement of Theorem 1. Let X be the rationals in the line 
and Y be the line itself. Choose a bijection Ed: X -+ Z’ and define 
I? X + CL(Y) by T(x) = [0, i] U {p(x)}. Each stalk of r is a bad stalk; so, if 
f were a dense selection for r we must let f(x) be p(x) for each x. However. 
we then cannot approximate points in X x [O, i] so that f fails to dense. 
In the last example we were not able to find a dense selection of any kind 
for r. If X is complete and Y is just complete, but not sigma compact, then 
by invoking the axiom of choice rather than the KRN selection theorem in 
the proof of Theorem 1, we can still obtain a dense selection for each closed 
multifunction r satisfying (cl) and (~2). However, none of Baire class two 
need exist. Let X= [0, l] and let Y be the irrationals in the line. As a G, 
subset of the line, Y can be remetrized so as to be complete. Choose A c X 
such that A is not a G,, set. Since G,=]O, l]nY and G,=[2,3]nY are 
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homeomorphic to Y, by a standard result [ 111 there exist continuous 
injections h, : G, + A and h, : G, + A’ such that the complement of the range 
of each function is countable. Let E =X- [h,(G,) U h,(G,)] and let 
q: E + {nn: n E Z+ } be an injection. Let M c X X Y be the union of these 
disjoint sets: 
M, = ((4 y>: x = h,(Y)}, 
M, = {(x, y): x = MJ)}, 
M, = {(x, p(x)): x E E). 
Since h, and h, are continuous and G, and G, are clopen, M, and M, are 
closed in Xx Y. Clearly, M, has no limit points; so, it is closed. Now define 
RX+ CL(Y) by 
T(x) = {y: (xv Y> E w. 
Notice that r is actually a single-valued function with a closed graph! Hence 
by Lemma 1 it satisfies conditions (cl) and (~2). Now r-‘(G,) = h,(G,) and 
since h,(G,) differs from A by a countable set, r-‘(G,) is not a G,, set 
whence r is not of Baire class two. Since each (dense) selection for r must 
be r itself, our initial claim is established. We remark that this construction 
of course shows that for each a < Q there exists an injectionf: X+ Y with a 
closed graph that is not of Baire class a. Thus the Bore1 class of the graph of 
a function tells one nothing about its Baire class when the codomain is the 
irrationals. 
To show that a closed r satisfying (cl) and (~2) may not admit a dense 
Bore1 measurable selection is another matter. It is not hard (see [ 21 or [ 15 1) 
to modify the classical construction of Novikov (see [S] or [ 91) to produce a 
closed relation in a product of Polish spaces XX Y that projects onto the 
entire space X that admits no Bore1 measurable selection (viewing the 
relation as the graph of a multifunction). R. Mauldin (private 
communication) has modified the construction provided in [ 2 ] to get a coun- 
terexample of the kind we seek. 
Again denote the space of irrational considered above by X. Let 
A : X-t CL(X) be a closed multifunction with no Bore1 selection. Such a 
multifunction exists by the construction in [ 2 ]. Let g be a continuous map of 
X onto itself such that for each x, g-‘(x) is dense-in-itself, Let 0: X+ CL(X) 
be defined by O(x) = g-‘@(x)). Clearly, 0 is closed and for each x the set 
O(x) is dense in itself. Moreover, 0 admits no Bore1 selection, or else /i 
would. Now condition (cl) holds for 0, but (~2) may fail. To remove this 
difficulty we tack on another dimension in which the graph of 0 is merely 
repeated: define Z? X x X + CL(X] by T(x, y) = O(x). The multifunction r is 
a closed multifunction whose domain and codomain are both Polish spaces, 
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that satisfies both (cl) and (c2), and that admits no Bore1 selection and, 
therefore, no dense Bore1 selection. 
4. SEMICONTINUOUS MULTIFUNCTIONS 
If we assume more about our multifunction r, then we can require less of 
our spaces X and Y and still obtain a Baire class two dense selection. In 
particular, in light of Lemma 2, the sigma compactness assumption for Y can 
be dropped if we know that for each open set G in 1’ the set 
(x: f(x) f’ G f pI} is a G,, set. 
THEOREM 4. Let X and Y be Polish spaces. Let r: X-+ CL(Y) be an 
upper semicontinuous multifunction satisfying conditions (cl ) and (~2) of 
Theorem 1. Then r admits a Baire class two dense selection. 
Proof: As we remarked earlier if G is an open subset of Y, it follows 
from the definition of upper semicontinuity that (x: J’(x) A G # 0} is an F, 
set. Also, since r is U.S.C. and Y is regular. r is closed. The result now 
follows from the previous remarks. a 
The situation is even nicer if f is lower semicontinuous. 
THEOREM 5. Let X be a separable metric space and let Y be a Polish 
space. Let I-: X-, CL(Y) be a lower semicontinuous closed multifunction 
such that whenever x is an isolated point of X then I(x) is a singleton. Then 
T admits a Baire class two dense selection. 
ProoJ Condition (cl) holds because if x is not an isolated point of X. 
then the lower semicontinuity of f ensures that I’*(x) is actually a good 
stalk. Condition (~2) holds for similar reasons. Now the completeness of X is 
only required to prove Lemma 2. However, in the present context the 
conclusion of Lemma 2 is automatic, for the only bad stalks of r are isolated 
points of c As in Theorem 4 for each open set G in Y (x: T(x) r? G # a} is 
a G,” set: so. we need not assume that Y is sigma compact. i 
It should be noted that a Baire class one dense selection cannot always be 
chosen for closed multifunctions that are both U.S.C. and I.s.c. even when 
X = Y = [ 0, 11, e.g., consider T(x) = {O, 1) for each x. 
We finally present an application of Theorem 5 in the context of star 
shaped sets [ 13 1. Let L be a separable normed linear space. If x E L and 
z E L denote the line segment joining x to z by seg(x, z]. If S c L and x E S 
the star of x relative to S is the set (z: seglx, z 1 c S}. The set S is called 
star-shaped if there exists x in S whose star is the entire set S. If S is star- 
shaped, denote the (convex) set of points whose star is S by ker S. We 
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establish the following fact: If S is closed and 0 E int ker S, then we can 
choose for each x in X= {x: (IxIJ = 1) an a, > 0 such that {a,~: ljx]l= I} is 
dense in S and the map x -+ ax is of Baire class two. 
Choose 6 > 0 such that { y: 11 yl( < S} c ker S. Consider the multifunction 
RX+ CL((0, 00)) defined by T(x) = {a: axE S}. For each x, T(x) is a 
convex set containing (0,6], and since S is closed, r is closed. We claim r is 
1.s.c. Let G c (0, a) be open and suppose T(z) n G # 4. Since T(z) is 
convex, T(z) n G contains a half open interval [8,, 19,). By the choice of 6 
{~8,z+(l-I)y:IJyll<6andO~/Z< l}cintS. 
In particular, if we set A = 19,/19, and y = 0, we obtain B,z E int S. Since 
g: X+ L defined by g(x) = 0,x is continuous, there is a neighborhood N of z 
in X for which g(N) c int S. Hence for each x in N, 8, E T(x) f7 G, so 
(x: T(x) n G # 0) is open. Now X is separable and (0, 00) is a Polish space. 
By Theorem 5 there exists a Baire class two dense selectionffor r. For each 
x set ax =f(x). Since scalar multiplication as a function on X X (0, a~) into 
L is continuous, {a,x: l/x/l = 1) is dense in S. 
We note in closing that a modification of this argument shows that if 
dim(ker S) > 2 and 0 E ker S and W is the F, set 
W={x:Ilxl/=land3a>OforwhichaxES}, 
then a Baire class two map x + a, on W for which (a,x: x E W) is dense in 
S still can be chosen. Such a map may not exist if dim(ker S) = 1, e.g., in 
the plane let S be the union of the unit disc and the x axis. 
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